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Outline and summary

Ultimate goal is to solve 4d superconformal AV = 2 and N = 4 planar Yang—Mills theories for

arbitrary 't Hooft coupling A = g%, Ne

Existing techniques (localization, integrability, holography) allows us to realize this program for:
v V.e.v. of half-BPS circular Wilson loop in N/ = 4 SYM

v Correlation function of infinitely heavy half-BPS operators (= octagon)

v Flux tube correlators (cusp anom. dim., scattering amplitudes)

v Free energy and correlation functions in ' = 2 SYM

A remarkable feature of these observables is that they can be expressed as determinants of certain

semi-infinite matrices

515

e (9) = det (5nm — Knm(g)) : g =

1<n,m<oo

We shall compute F(g) for arbitrary g
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Weak and strong coupling expansion

Simple example: circular Wilson loop in planar ' = 4 SYM

2
W=-"2=-L{X
% 1(VA)
Weak coupling expansion
A<l AN A3 A4
W '="14 —
i 8 i 192 i 9216 * 737280 i

Strong coupling expansion

W)le e\/_—%log\/_—%log(%)—%—lf%\—i—...+O(6_\/X)

Semiclassical asymptotics of observables in ADS/CFT

= —VAAg — A1log(VX) =B~ Y Antl | oe—ev

2
nZlA/

v Expansion coefficients grow factorially A,, ~ n!

v Needs to account for nonperturbative (exponentially small) corrections
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Tracy-Widom distribution

Describes statistics of the spacing of the eigenvalues of N x N hermitian matrices for N — oo
Gaussian Unitary Ensemble
NxN _ —L¢ra? > 2 —1s. 2
Zgue = [ d ae 2 = dpy ... dun H(Mz‘—uj)e 2 emi
> i#]

Laguerre ensemble (Wishart matrix theory)

ZLaguerre — / d,ul dNN H H Nf e Hi
0

1#£] i=1
where ¢ > —1 and eigenvalues are located on semi-axis [0, o).

The probability density for eigenvalues

Rn(z1,...,x <H5 i — Tj >—detKN(:cZ,:cj)

N—-1

Kn(z,y) = ) ér(2)or(y)

k=0

1,7=1,.

where ¢y, (z) are orthonormal functions zFe=="/2 + ... (GUE) and z*2¢/2e—%/2 + ... (Laguerre)
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Tracy-Widom distribution Il

The distribution of the eigenvalues in the Laguerre ensemble in the limit N — oo

Scaling behaviour of K (x,y) around x = 0 (hard edge), x = 1 (soft edge) and 0 < x < 1 (bulk)

sin(x — vy)

bulk :
m(z —y)
soft edge : Ai(m)Ai/(yzi - ji(x)Ai’(y)
hard edge : Je(V)/y))(VY) — Ve (V) Je(\/Y)

2(z — y)

The probability that there are no eigenvalues on the interval [0, s]

(="

n!

E(0;s) =det(1— K)g g =1+ »_

s
/ dry...dxrn det||K(xi7xj)||1§i,j§n
n>1 0

Fredholm determinant of the integral operator: Sinc (bulk), Airy (soft edge) and Bessel (hard edge)-r 521



Bessel kernel

Tracy-Widom distribution close to the hard edge

B(0,5) = det(1 ~ Kpews)o.g = o0 (=7 [ dolon(s/2) Q%))

0
Q(s) satisfies Painlevé V differential equation

Dependence of the probability £(0, s) on the interval length s

Asymptotics of E(0, s) at small and large s

(s/4) 1

sK1
E(O,S) = 1 m

+ ...

s 2 ¢
E(0,s) 21 exp (—Z vy log s + §3_1/2 -+ .. )

Remarkably similar to weak/strong coupling expansion in gauge theory for s ~ v/A
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Bessel kernel at finite temperature

Ko(z,y) = ) qbn(x)qsn(y)X(ﬁ)

n>1 29

) — (VB T Jonie—1(/T)
dn(x) = (=1)"V2n + £ —1 Y

v For x(z) = 6(1 — ) defines the Tracy-Widom distribution E(0, s) for s = (2g)?

v Finite-temperature generalization: x(z) = 1/(1 4 e%)

Generalized Tracy-Widom distribution

n,m>1

Determinant of a semi-infinite matrix

/OOO dy K¢(z,y) on(y) = Knmdm ()
Kpom = /OOO dx¢”(x)¢m(x)x< x >

29

x () is the symbol of the Bessel operator
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Free energy in N’ = 2 super Yang-Mills theory

v N = 2 supersymmetric Yang-Mills theory with gauge group SU (N) coupled to matter multiplets
in rank—2 symmetric (Ng = 1) and anti-symmetric (N4 = 1) representations

The beta function vanishes Bg = 2N — Ng(N +2) — Na(N —2) =0

v The partition function on sphere S is given by a matrix integral [Pestun]

_ _ 872N .. 2
ZS4 =e F :/dae X tra |Zl—loop(a)ZinSt(a)|2

Non-perturbative instanton contribution Zj, s (a) is exponentially small at large N

v’ Perturbative corrections Z; _o0p(a) = exp(—Sint (a)) only come from one loop

Sint(a) = Z [log H(pi + pj) —log H(ps — ,uj)} (u; are eigenvalues of a)

1,7
O n
(=" 2n + 2 2p+1 . 2(n—p)+1
=2 ( )trap+ tra2(n P+
n;l n+1<2n—|—12::0 2 + 1

Matrix model with double-trace interaction “p. 821



Large N expansion

87’(‘2 _(N2_1)/2 1
e I = (T) /da exp | =N tra? + 2 ;ClﬂnOQk—FlOQn—i—l

I

The interaction term is a sum over double traces O, = tr a* with the couplings

(—1)ftnt 2(k+n+1)>< A >k+n+1

Chp = 4 A
ko h i1 c2ktm ( 2% + 1 872

Large N expansion
F=N2Fy(\) + Fi(\) + Fo(\)/N? + ...

The interaction term does not contribute to F — coincides with the free energy in ' = 4 SYM

1 1
A= (O ) =X aueor= jean-ao
n>1 n>1
Cylinders Q. = = (tra?Ft1 tra?"t1)qug are glued together with the weight Cj,,,
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Relation to Bessel kernel

Explicit expressions for semi-infinite matrices

_ 2Bk Bn 2 . 2”nF(n+ %)
Orn = 31 TOWND = )
(_1)k+n+1

Crn =4

¢ (2(k—|—n—|—1)>< A >k+"+1
k+n1 2(ktn)+l 2% + 1 872

The matrix (QC') is related to the Bessel kernel by a similarity transformation

[Beccaria,Billo,Galvagno,Hasan,Lerda]

o dt x
=2 (VI IVERFT [ Eana(0) e (0 (£ )

Special form of the symbol

1

X0 == ) 9=

515

The free energy coincides with the Tracy-Widom distribution at the hard edge for ¢ = 2

1 1
F = 5 logdet(1 — QC) = 5 trlog(l — Ky)
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Tracy-Widom distribution in super Yang-Mills theories

Different observables in SYM theories are given by the Tracy-Widom distribution e’ x

The symbol function x depends on the observable:

v Circular Wilson loop

(27)°
xw(z) = ——3
v Free energy of N' =2 SYM
(x) :
Tr) = —
Xfree sinh? (x/2)

v Four-point correlator

(z]y, €) coshy + cosh &
Xoct\ LY, —
> coshy + cosh(y/x2 + £2)

v Flux tube

Tr) = —
Xflux( ) ot _ 1

The coupling constant g = v/\/(4x) controls the width of the distribution s ~ g2

How to derive the strong coupling expansion of the TW distribution?
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Szego-Akhiezer-Kac formula

v Asymptotic behaviour for sufficiently smooth symbol x(z)

Fx =—9Ao+ B+ 0(1/g) SAK formula (1915-1966)

A= =200, B=3 [ dkk(D(0)’)

D(k) = /O T 92 os(kz) log(1 — x(2))

T
B diverges for x(z) ~ 1 — 228 or {E(k) ~ —pB/k atlarge k Fisher-Hartwig singularity

The SAK formula for the Bessel kernel with Fisher-Hartwig singularity has not been derived yet

v Qur conjecture [Belitsky,GK]

Fy = —gAo + Ajlogg+ B +0(1/9)
1
A = - 32
1 25 )

B = %/Ooo dk {k({ﬁ(k)f -8

4 g log(27) — log G(1 + ),

Power suppressed O(1/g) corrections are determined using the method of differential equations
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Method of differential equations

A powerful method for computing correlators in integrable models [Its,|zergin,Korepin,Slavnov]

‘Potential’ = logarithmic derivative of the determinant

U(g) = —2904Fx(9)

Satisfies the system of exact integro-differential equations [Belitsky,GK]

goqU = —2/0 dx Q* () x0z X (g—f) :
(90y + 2202)* Q(z) + (z — g9y U + U) Q(x) = 0
v For x(z) = 6(1 — x) reduces to Painlevé V equation for q(g) = Q(x = (29)?)

(999)% a(g) + (49* — gdgU + U) q(g) =0, g0,U = [q(g)]

v For generic x(x) exact solution is not known, WKB solution at large g

90212 — a(z,g)sin(2gz) + a(—=z, g) cos(2gz) | oz q) = 1 ar(2)
Q((292)°) ) 20 =140 =5
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Tracy-Widom distribution at strong coupling

v’ Strong coupling expansion:

Fx(9) = —gAo + A1 logg+ B+f(g9) + Af(9)

SAK formula

v The ‘perturbative’ function f(g) is given by an asymptotic series

A1 _
Z D’

v The expansion coefficients A, = A (x) depend on the symbol function (=choice of observable)

Curious relation between two different observables

Ak+1(Xfree) = (—1)kAk+1(Xoct) = ffree(g) — foct(_g)

v The expansion coefficients grow factorially Ay, ~ k!c=*

The perturbative series f(g) is plagued with Borel singularities

v Has to be supplemented with the nonperturbative, exponentially small corrections

Af(g) ~e ™
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Nonperturbative corrections

We developed a systematic method to compute transseries for A f(g)

Af(g)=e fi(g)+e 29fa(g)+...,  falg) =D gk
k

Sum over saddles in AdS/CFT

General form of the symbol function in SYM

2
(Ommr 2
1— — ba2P H (QMC )
n>1 1 (27ry )2
Has an infinite set of poles and zeros located at * = —2¢7x,, and x = —2inwy,, €.9.

2
sinh?(z/2) B 2 H { 1+ @rn)2 }2

2 - z”
cosh (37/2) 4 n>1 1+ (27r(n——))2

1— Xoct($|070) =

Nonperturbative corrections

Aflg) = 3 (g o)

n>1

(0) + Zf(k) —k]

The parameter z; is a solution to x(2¢wx1) = 1 closest to the origin, with degeneracy a + 1 =1, 2
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Octagon

Perturbative part

155 945(s 765¢3

3
= —log(g'/g) + + -

Nonperturbative part

ing’ 8 % %
A = —eoTI 1 — —
foct(g) 1 & { (47Tg’) (47Tg’)2 + }
(7Tg’)2 8ls 7 _ 1431+ _ 3
—167g |1 4 p) 32 4 O(e—2479
T { T Tamg T ang)z % S

Finite renormalization of the coupling ¢’ = g + log(2) /7

The expansion coefficients grow factorially at large orders

foct(g) = Z - : anp ~I'(n+1)

/
n21(4ﬂg)”

The same is true for the coefficient functions in A foct(g)

The asymptotic series suffer from Borel singularities and require a regularization
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Resurgence

Borel transform

n

B = 2 on gy

foct(g) = 47rg/ ds 6_477938(5)
0

The function B(s) has poles which condense on the real axis for s > 2

(s — 2)F

B(s) ~ —— —log(2 —s) Y _ by!), -

k>0

Regularize the integral by deforming the integration contour slightly above or below the poles

Ooejzie
f+(g) = 4779/ dse”79°B(s)
0

Ambiguity introduced by the Borel singularities

f+(g) — f-(9) = 471'9/ ds e~ 4795 disc B(s) ~ 4rg e 879 | 0(6—167F9)
0

What is a meaning of this ambiguity?
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Resurgence relations for the octagon

Ambiguities generated by Borel singularities at s > 0 should cancel in the sum foct(g9) + A foct(9)

This leads to nontrivial relations between large-order behaviour of the perturbative coefficients

(1) n—k)' (2) (n+1—k)!
An>1 ™ Z on+l—k + by An—+2—k
k>0

and the nonperturbative coefficient functions

img’ 8T C1 C2 —16m
A = — 911 e @) g
foct(9) [ T gy T lmgyz T TOET)
Resurgence relations
e =i /ol ca = b /bi"
High-precision numerical calculation of a, <400 gives b{") /6" = —7/4 and bV /b{" =

Perfect agreement with the analytical result

.y
g’ i e}
A foct(g) = Te 87911 — 4 — 32 + ...

—63/32
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Octagon at arbitrary coupling constant

Dependence of the octagon on 't Hooft coupling constant g = v/ A/ (4x)
Colored curves represent the first few terms in the weak coupling expansion
The black curve describes the strong coupling expansion defined by the latteral Borel summation

The vertical dashed line indicates the convergence radius of the weak coupling expansion
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Open questions

Various quantities (free energy, correlation functions, Wilson loop, tilted cusp) in different 4d super
Yang-Mills theories are expressed in terms of the same (temperature dependent) Tracy-Widom

distribution
This relation is powerful enough to predict the dependence on 't Hooft coupling

v Who ordered this universality?
v What is the reason why the Bessel kernel appears in all cases?
v How to reproduce the strong coupling expansion from holography?

v What is the meaning of the nonperturbative scales A? = g%e—87971 in AAS/CFT?
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Many thanks from all of us to Yunfeng and Xinan
for organizing such a successful workshop!
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