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 SUSY Yang-Mills Theory𝒩 = 4

• 4d Gauge theory: group G

• single marginal deformation, coupling constant τ

Beautiful “Lab” to extract exact results, e.g. correlation fcts
Uniquely specified by:

τ = τ1 + iτ2 =
θ

2π
+

4πi
g2

YM

∈ ℍ

 SYM Data:𝒩 = 4

In this talk: G=SU(N)
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What type of correlators



 correlators𝒩 = 4
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�I I=1,…,6 Adjoint scalar
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O2(x, Y ) = Tr(�I�J)Y
IY J

1/2 BPS operators, super-conformal primaries in the 
stress-energy tensor super-multiplet ( [0,2,0] )

<latexit sha1_base64="NUhgeCJ5yMrnnqRpDYwt7G/1wDY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKewGUS9CUA8eI5gHJkuYnXSSIbOzy8ysEJb8hRcPinj1b7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JBzOO0Q/pQPI+Z9RY6bFzi8JQckUq3WLJLbszkGXiZaQEGWrd4lenF7EkRGmYoFq3PTc2fkqV4UzgpNBJNMaUjegA25ZKGqL209nFE3JilR7pR8qWNGSm/p5Iaaj1OAxsZ0jNUC96U/E/r52Y/qWfchknBiWbL+ongpiITN8nPa6QGTG2hDLF7a2EDamizNiQCjYEb/HlZdKolL3zsnd/VqpeZ3Hk4QiO4RQ8uIAq3EEN6sBAwjO8wpujnRfn3fmYt+acbOYQ/sD5/AEJtI/Z</latexit>

� = 2

Amongst the many fields of  we have:𝒩 = 4

Null polarisation vectors for 
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1/2 BPS operators, super-conformal primaries in the 
stress-energy tensor super-multiplet

<latexit sha1_base64="satOJ4HVthQ0+zusNS3idGTD/lg="></latexit>

hO2(x1, Y1)...O2(x4, Y4)i =
1

|x12|
4|x34|

4
I(Y )TGN (u, v)

We consider the (NON-PROTECTED!) 4pt function

 correlators𝒩 = 4
Amongst the many fields of  we have:𝒩 = 4
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Fixed by super-conformal symmetry
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We consider the (NON-PROTECTED!) 4pt function

Non-trivial function of u,v, coupling, gauge group GN
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Why do we care?

Fun part = hard part

stress-energy tensor  gravitons≃

4-graviton amplitude in IIB when  @large-NGN = SU(N)
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hTµ1⌫1(x1)...Tµ4⌫4(x4)i



How to get a handle on



 Integrated correlators𝒩 = 4

τ = τ1 + iτ2 =
θ

2π
+

4πi
g2

YM

 Gauge groupG

Pestun’ Susy localisation for  partition function on 
; massive deformation, m, of 

𝒩 = 2* S4

ZG(m; τ) 𝒩 = 4

<latexit sha1_base64="qcrBrd41mZ3kaLkvYn3FPjiILWk=">AAACbXicbVFba9RAGJ3EW11vUfHBCzK4iC3UJVnElopQ9EEfK7jb0p3d8GV2dnfozCTMfBGWNG/9hb75F3zxLzhJ82BbPxg4nPNdz2SFkg7j+FcQXrt+4+atjdu9O3fv3X8QPXw0dnlpuRjxXOX2KAMnlDRihBKVOCqsAJ0pcZidfG70wx/COpmb77guxFTD0siF5ICeSqOz4/TLpt5mCOUW3fvIpEE69hRsUTGr3g5ZIWkjpk PKFJilEhS2gdkW1pStAKvjelZVzGpaCIt13TT84OtPL4rSuE5sp/mM09mQzmeWQhr140HcBr0Kkg70SRcHafSTzXNeamGQK3BuksQFTiuwKLlfq8dKJwrgJ7AUEw8NaOGmVetWTV97Zk4XufXPX9uy/1ZUoJ1b68xnasCVu6w15P+0SYmL3WklTVGiMPx80KJUFHPaWE/n0gqOau0BcCv9rpSvwAJH/0E9b0Jy+eSrYDwcJO8Hybd3/f1PnR0b5Dl5RTZJQnbIPvlKDsiIcPI7iIKnwbPgT/gkfBG+PE8Ng67mMbkQ4Zu/nQa5JA==</latexit>

ZG(m, ⌧) :=

Z
VG(a)e

�2⇡⌧2ha,aiẐpert
G (m; a)|Ẑ inst

G (m, ⌧ ; a)|2dra
1-Loop Nekrasov

Path-Integral  Matrix Model⟹

Perturbative
1-Loop determinant

Instanton 
partition function



 Integrated correlators𝒩 = 4

[Binder,Chester,Pufu,Wang]

[Chester,Pufu]
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CG(⌧) =
1

4
�⌧@

2
m logZG(m; ⌧)|m=0

=

Z
dµ({xi})hO2(x1) · · · O2(x4)i

Pestun’ Susy localisation for  partition function on 
; massive deformation, m, of 

𝒩 = 2* S4

ZG(m; τ) 𝒩 = 4

Very specific measures fixed by susy!
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HG(⌧) = @4
m logZG(m; ⌧)|m=0

=

Z
dµ̃({xi})hO2(x1) · · · O2(x4)i



1/2-BPS fundamental Wilson loop 
along great circle of 
equivalently straight-line Wilson 
loop on  

S4

ℝ4

Line-Defect Integrated correlators

Integrated Correlator with line-defects: [Pufu, Rodriguez, Wang]
[Billo’, Galvagno, Frau, Lerda]
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IW(N ; ⌧) = @2
m logWSU(N)(m, ⌧)|m=0

=

Z
d⌫({xi})hWO2(x1)O2(x2)i



For the rest of the talk G=SU(N):
We will discuss the integrated correlators
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H(N ; ⌧)

Key Message(s): 
Electro-magnetic (Olive-Montonen/GNO) duality 
strongly constraints  SYM observables!𝒩 = 4

First integrated Correlator

Second integrated Correlator

 Integrated correlators𝒩 = 4

Defect integrated Correlator
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For the rest of the talk G=SU(N):
We will discuss the integrated correlators

Key Message(s): 
• non-holomorphic functions of coupling : Lattice sums!

• “nice” automorphic properties under

τ
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c⌧ + d
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c d

◆
2 SL(2,Z)

 Integrated correlators𝒩 = 4
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<latexit sha1_base64="rfAv1WnWQZIkGWVCFru0XfwuiDc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZRERAU3RTddSQX7gCaUm+mkHTp5MDMRaij+ihsXirj1P9z5N07aLLT1wMDhnHu5Z44XcyaVZX0bhaXlldW14nppY3Nre8fc3WvJKBGENknEI9HxQFLOQtpUTHHaiQWFwOO07Y1uMr/9QIVkUXivxjF1AxiEzGcElJZ65oETgBoS4Gl9Urm9chQkJ7hnlq2qNQVeJHZOyihHo2d+Of2IJAENFeEgZde2YuWmIBQjnE5KTiJpDGQEA9rVNISASjedpp/gY630sR8J/UKFp+rvjRQCKceBpyezrHLey8T/vG6i/Es3ZWGcKBqS2SE/4VhFOKsC95mgRPGxJkAE01kxGYIAonRhJV2CPf/lRdI6rdrnVfvurFy7zusookN0hCrIRheohuqogZqIoEf0jF7Rm/FkvBjvxsdstGDkO/voD4zPH2/PlI8=</latexit>

H(N ; ⌧)

First integrated Correlator

Second integrated Correlator

Defect integrated Correlator
<latexit sha1_base64="cDXKgx+Y1Rb57RDwV56KwOzEHVs=">AAACB3icbZDLSsNAFIYnXmu9RV0KMliEuimJiApuim4URCrYCzQhTKbTduhkEmYmQgnZufFV3LhQxK2v4M63cZJmoa0/DHz85xzmnN+PGJXKsr6NufmFxaXl0kp5dW19Y9Pc2m7JMBaYNHHIQtHxkSSMctJUVDHSiQRBgc9I2x9dZvX2AxGShvxejSPiBmjAaZ9ipLTlmXtOgNQQI5Zcp17Ovp/cpNXbc0eh+NAzK1bNygVnwS6gAgo1PPPL6YU4DghXmCEpu7YVKTdBQlHMSFp2YkkihEdoQLoaOQqIdJP8jhQeaKcH+6HQjyuYu78nEhRIOQ583ZltKqdrmflfrRur/pmbUB7FinA8+agfM6hCmIUCe1QQrNhYA8KC6l0hHiKBsNLRlXUI9vTJs9A6qtknNfvuuFK/KOIogV2wD6rABqegDq5AAzQBBo/gGbyCN+PJeDHejY9J65xRzOyAPzI+fwDNvJlB</latexit>

IL(N ; ⌧)



First Integrated Correlator



We found an exact formula valid 
for all simple gauge groups G
and all values of the coupling  and GNO co/in-variantτ

From matrix model localised partition function on S4

First Integrated correlator

[DD,Green,Wen]
[DD,Vallarino]

Using key-results of [Chester, Green, Pufu, Wang, Wen] 
and [Alday,Chester,Hansen]

<latexit sha1_base64="J+xvAhb+5M21hAocDsQy562Utl4="></latexit>

CG(⌧) =
1

4
�⌧@

2
m logZG(m; ⌧)|m=0

=

Z
dµ({xi})hO2(x1)...O2(x4)i

[Binder,Chester,Pufu,Wang]



First Integrated correlator SU(N)

Lattice sum representation for G=SU(N), 

• Very unexpected (from matrix model) lattice sum!

• Modular invariant (or Fricke groups) function of 

• Proof using [Harer,Zagier]

•  rational fcts expressed in terms of Jacobi Poly

   

τ

B(N; t)

<latexit sha1_base64="Hol1p3jK98f2wEaZ45eoDLB9rJU="></latexit>

C(N ; ⌧) =
X

(m,n)2Z2

Z 1

0
e�t⇡|m+n⌧|2

⌧2 B(N ; t)dt

 e.g. B(2; t) =
3(3t − 10t2 + 3t3)

2(1 + t)5



Resurgent large-N expansion 
of the First integrated Correlator



@Large-N Fixed- : split into P and NP contributions (in N)τ

SU(N) @ Large N
[DD,Green,Wen,Xie]-[DD,Treilis]

<latexit sha1_base64="2V1+s4r9EvV9ZdrdebETvHnX5eA="></latexit>

CNP
N (⌧) = O(N2

e
�
p
N )

<latexit sha1_base64="RFB7+uUwCY2XTaJlGmkWOlD3BMM="></latexit>

CP
N (⌧) =

N2

4
+

1X

r=0

N
1
2�rfr(⌧)

<latexit sha1_base64="YhD0dXaFFnQlOYTbXzXC/41JTxM=">AAACMHicbZDLSsNAFIYn9VbrLerSzWgRKkJJRNSNUOxCVyWCvUATw2Q6aYdOLsxMhBL6SG58FN0oKOLWp3DSllKrPwz8fOcc5pzfixkV0jDetNzC4tLySn61sLa+sbmlb+80RJRwTOo4YhFveUgQRkNSl1Qy0oo5QYHHSNPrV7N684FwQaPwTg5i4gSoG1KfYiQVcvVrO0CyhxFLq0O3VrIlSo7gJZyh99aUH8/itGbvW9MZVy8aZWMk+NeYE1MEE1mu/mx3IpwEJJSYISHaphFLJ0VcUszIsGAngsQI91GXtJUNUUCEk44OHsJDRTrQj7h6oYQjOjuRokCIQeCpzmxjMV/L4H+1diL9CyelYZxIEuLxR37CoIxglh7sUE6wZANlEOZU7QpxD3GEpcq4oEIw50/+axonZfOsbN6eFitXkzjyYA8cgBIwwTmogBtggTrA4BG8gHfwoT1pr9qn9jVuzWmTmV3wS9r3D3VzqJ0=</latexit>

CN (⌧) = CP
N (⌧) + CNP

N (⌧)

<latexit sha1_base64="zVzu0HDJD0MnwGhaIvVRD8TW+UM="></latexit>

CN (⌧) =
X

(m,n)2Z2

Z 1

0
e�t⇡ |m+n⌧|2

⌧2 BSU(N)(t) dt



Large-N Perturbative

The large-N expansion changes dramatically 
only half-integer index Eisensteins appear:

<latexit sha1_base64="YhD0dXaFFnQlOYTbXzXC/41JTxM=">AAACMHicbZDLSsNAFIYn9VbrLerSzWgRKkJJRNSNUOxCVyWCvUATw2Q6aYdOLsxMhBL6SG58FN0oKOLWp3DSllKrPwz8fOcc5pzfixkV0jDetNzC4tLySn61sLa+sbmlb+80RJRwTOo4YhFveUgQRkNSl1Qy0oo5QYHHSNPrV7N684FwQaPwTg5i4gSoG1KfYiQVcvVrO0CyhxFLq0O3VrIlSo7gJZyh99aUH8/itGbvW9MZVy8aZWMk+NeYE1MEE1mu/mx3IpwEJJSYISHaphFLJ0VcUszIsGAngsQI91GXtJUNUUCEk44OHsJDRTrQj7h6oYQjOjuRokCIQeCpzmxjMV/L4H+1diL9CyelYZxIEuLxR37CoIxglh7sUE6wZANlEOZU7QpxD3GEpcq4oEIw50/+axonZfOsbN6eFitXkzjyYA8cgBIwwTmogBtggTrA4BG8gHfwoT1pr9qn9jVuzWmTmV3wS9r3D3VzqJ0=</latexit>

CN (⌧) = CP
N (⌧) + CNP

N (⌧)

<latexit sha1_base64="wOA+ZYSmS3WKIaRjkuolFXWhXRs="></latexit>

CN (⌧) ⇠CP
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� 3N

1
2

24
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28N
1
2
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N
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2

h1575
215

E( 72 ; ⌧)�
13

213
E( 32 ; ⌧)

i
+O(N� 5

2 )

[DD,Green,Wen,Xie]-[DD,Treilis]



Non-holo (Real analytic) 
Eisensteins Series

Modular invariant functions:

<latexit sha1_base64="foKlTY7gJ2jo4opxPm8oY3ARrXk="></latexit>

E⇤(s; ⌧) =
�(s)

2

X

(m,n) 6=(0,0)

(⌧2/⇡)s

|m+ n⌧ |2s = E⇤(1� s; ⌧)

= ⇠(2s)⌧ s2 + ⇠(2s� 1)⌧1�s
2

+
X

k 6=0

e2⇡ik⌧12
p
⌧2|k|s�

1
2�1�2s(k)Ks� 1

2
(2⇡|k|⌧2)

<latexit sha1_base64="ZZ3EXeRZFsqeG6z1HMkJ8q/PsXs="></latexit>

E⇤(s; � · ⌧) = E⇤(s; ⌧) , 8� 2 SL(2,Z)

Laplace eigenfunctions:
<latexit sha1_base64="/QApqHlkv55Vb/ssxrx4017H3gY=">AAACDXicbVDJSgNBEO2JW4xb1KOXxihMhIQZERVECC7gMYJZIDOGnk4nadKz0F0jhJAf8OKvePGgiFfv3vwbe5IcNPFBweO9KqrqeZHgCizr20jNzS8sLqWXMyura+sb2c2tqgpjSVmFhiKUdY8oJnjAKsBBsHokGfE9wWpe7zLxaw9MKh4Gd9CPmOuTTsDbnBLQUjO7ZzpXTABpOkDigjJVwc7n8fX9ganOEimPz7HVzOasojUCniX2hOTQBOVm9stphTT2WQBUEKUathWBOyASOBVsmHFixSJCe6TDGpoGxGfKHYy+GeJ9rbRwO5S6AsAj9ffEgPhK9X1Pd/oEumraS8T/vEYM7VN3wIMoBhbQ8aJ2LDCEOIkGt7hkFERfE0Il17di2iWSUNABZnQI9vTLs6R6WLSPi/btUa50MYkjjXbQLjKRjU5QCd2gMqogih7RM3pFb8aT8WK8Gx/j1pQxmdlGf2B8/gCb2Ji2</latexit>

(�⌧ � s(s� 1))E⇤(s; ⌧) = 0



Holographic Picture
stress-energy tensor  gravitons≃

4-graviton amplitudes in IIB 

<latexit sha1_base64="satOJ4HVthQ0+zusNS3idGTD/lg="></latexit>

hO2(x1, Y1)...O2(x4, Y4)i =
1

|x12|
4|x34|

4
I(Y )TGN (u, v)

<latexit sha1_base64="fM1KKezAiODuj7CE//uKGeUtpsQ=">AAACI3icbZBNS8MwGMdTX+d8q3r0EhzCdimtFBVPQy8eJ+wN1lLSLNvC0rQkqTjKvosXv4oXD8rw4sHvYrr1oJsPJPz5Pc+f5PmHCaNS2faXsba+sbm1Xdop7+7tHxyaR8dtGacCkxaOWSy6IZKEUU5aiipGuokgKAoZ6YTju7zfeSRC0pg31SQhfoSGnA4oRkqjwLzxGOJDRmAzyLwoDRyP62tafQqcGrQsq8Bujt0cuzVPLByBWbEte15wVTiFqICiGoE58/oxTiPCFWZIyp5jJ8rPkFAUMzIte6kkCcJjNCQ9LTmKiPSz+Y5TeK5JHw5ioQ9XcE5/OzIUSTmJQj0ZITWSy70c/tfrpWpw7WeUJ6kiHC8eGqQMqhjmgcE+FQQrNtECYUH1XyEeIYGw0rGWdQjO8sqron1hOZeW8+BW6rdFHCVwCs5AFTjgCtTBPWiAFsDgGbyCd/BhvBhvxsz4XIyuGYXnBPwp4/sHSLOizg==</latexit>

hTµ1⌫1(x1)...Tµ4⌫4(x4)i
(α′ )2

L4
=

1
Ng2

YM

τ = χ + i/gs Axio-dilaton



4-graviton effective action in
type IIB low-energy expansion 

[Chester, Green, Pufu, Wang, Wen]

<latexit sha1_base64="bXWFSOaYeX5J4GEjt5K/pjpY5+o="></latexit>

Leff =(↵0)�4g�2
s R+ f1(⌧, ⌧̄)(↵

0)�1g�1/2
s R4 + f2(⌧, ⌧̄)↵

0g1/2s d4R4 + f3(⌧, ⌧̄)(↵
0)2gsd

6R4 + ...

N2 N1/2 N−1/2 N−1

[Green, Gutperle - Green, Vanhove- Green, Miller, Vanhove]

-Fixed  large-N (modularity is preserved):gYM

<latexit sha1_base64="wU6fSTMB8LRcuIn8kEOtTm88Js8="></latexit>
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(α′ )2

L4
=

1
Ng2

YM

τ = χ + i/gs

Large-N Perturbative



Modular Resurgence @ Large-N

[DD,Green,Wen,Xie]- [DD,Treilis]

@Large-N Perturbative expansion divergese factorially!

<latexit sha1_base64="YhD0dXaFFnQlOYTbXzXC/41JTxM=">AAACMHicbZDLSsNAFIYn9VbrLerSzWgRKkJJRNSNUOxCVyWCvUATw2Q6aYdOLsxMhBL6SG58FN0oKOLWp3DSllKrPwz8fOcc5pzfixkV0jDetNzC4tLySn61sLa+sbmlb+80RJRwTOo4YhFveUgQRkNSl1Qy0oo5QYHHSNPrV7N684FwQaPwTg5i4gSoG1KfYiQVcvVrO0CyhxFLq0O3VrIlSo7gJZyh99aUH8/itGbvW9MZVy8aZWMk+NeYE1MEE1mu/mx3IpwEJJSYISHaphFLJ0VcUszIsGAngsQI91GXtJUNUUCEk44OHsJDRTrQj7h6oYQjOjuRokCIQeCpzmxjMV/L4H+1diL9CyelYZxIEuLxR37CoIxglh7sUE6wZANlEOZU7QpxD3GEpcq4oEIw50/+axonZfOsbN6eFitXkzjyYA8cgBIwwTmogBtggTrA4BG8gHfwoT1pr9qn9jVuzWmTmV3wS9r3D3VzqJ0=</latexit>

CN (⌧) = CP
N (⌧) + CNP

N (⌧)

<latexit sha1_base64="bslsdgBIisttOmixPHaoniULIcg="></latexit>

DN (s; ⌧) =
X

(m,n) 6=(0,0)

exp
⇣
� 4

s
N |m+ n⌧ |2

⌧2

⌘ ⌧ s2
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<latexit sha1_base64="bBdbv1Kahyl0YD609zBLU2mOImE="></latexit>

CNP
N (⌧)=� 2N2

DN (0; ⌧)+N
3
2
⇥
1
3DN (� 3

2 ; ⌧)�
9
4DN ( 12 ; ⌧)

⇤
+O(N)

Resurgence analysis: 
infinite tower of modular invariant NP corrections 
from Perturbative data!!



In ’t Hooft limit:  fixed /  fixed
F-string world-sheet instantons  and
“dyonic” instantons 
Reproducing resurgence results at large- , large-

λ = 4πN/τ2 λ̃ = N2/λ
e−2ℓ λ

e−2ℓ λ̃

λ λ̃

Large-N Non-Perturbative
[DD,Green,Wen,Xie]

- Arise also in large-charge expansion of  integrated corr.𝒪p
[Paul,Perlmutter,Raj]-[Brown,Wen Xie]

- Torodial Casimir energy in 3-dimensional CFTs
[Luo,Wang]

Novel NP modular invariant functions!

[DD,Green,Wen] - [Collier,Perlmutter] - [Hatsuda,Okuyama] 

<latexit sha1_base64="bslsdgBIisttOmixPHaoniULIcg="></latexit>

DN (s; ⌧) =
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(m,n) 6=(0,0)
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� 4

s
N |m+ n⌧ |2

⌧2

⌘ ⌧ s2
|m+ n⌧ |2s



Holographic Interpretation:

Holo. Dictionary: consider  with scale LAdS5 × S5

<latexit sha1_base64="hMIIMF+0tIrMP+muFYjGbU7gV3E="></latexit>

g2YM =
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⌧2
= 4⇡gs and

q
g2YMN =

L2

↵0
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1

2⇡↵0 ) Tp,q = TF |p+ q⌧ |

<latexit sha1_base64="TOn63AsEefm0/WwC/K94ddPAVTA="></latexit>

CN.P.
SU(N)(⌧, ⌧̄) !

1X

`=1

X

gcd(p,q)=1

exp
⇣
� 4⇡L2`Tp,q

⌘

NP terms are given by sum over  coincident (p,q)-strings 
euclidean world-sheet wrapping a great  inside 

ℓ
S2 S5

[Some key differences for SO and USp]



First integrated correlatorSecond integrated correlator

Defect integrated correlator



large-N expansion 
of the Second integrated 

Correlator



Second integrated correlator

Large-N Perturbative expansion:
<latexit sha1_base64="4o598M0mNhDPu0ngSuEcjT9L6xs=">AAACOnicbVDLSgMxFM34rPU16tJNsAgVocwUqYKbopuuSgv2AZ1pyaSZNjTzIMkIZeh3ufEr3Llw40IRt36AmXbQ2nogcDjnXHLvcUJGhTSMZ21ldW19YzOzld3e2d3b1w8OmyKIOCYNHLCAtx0kCKM+aUgqGWmHnCDPYaTljG4Tv3VPuKCBfyfHIbE9NPCpSzGSSurpdctDcogRiyuTfPXakig6g5agHixVu0V4Duf8bjz8zSw49Mfp6TmjYEwBl4mZkhxIUevpT1Y/wJFHfIkZEqJjGqG0Y8QlxYxMslYkSIjwCA1IR1EfeUTY8fT0CTxVSh+6AVfPl3Cqzk/EyBNi7DkqmawrFr1E/M/rRNK9smPqh5EkPp595EYMygAmPcI+5QRLNlYEYU7VrhAPEUdYqrazqgRz8eRl0iwWzFLBrF/kyjdpHRlwDE5AHpjgEpRBBdRAA2DwAF7AG3jXHrVX7UP7nEVXtHTmCPyB9vUNbkSsCQ==</latexit>

H(N ; ⌧) ⇠ 6N2 +H
h(N ; ⌧) +H

i(N ; ⌧)

[Alday, Chester, DD, Green, Wen]

<latexit sha1_base64="B9tPNjMjNMBHx4CA8aXOkCODCvw="></latexit>

H(N ; ⌧) = @4
m logZSU(N)(m; ⌧)|m=0

=

Z
dµ̃({xi})hO2(x1)...O2(x4)i

[Chester,Pufu]



Second integrated correlator

<latexit sha1_base64="4o598M0mNhDPu0ngSuEcjT9L6xs=">AAACOnicbVDLSgMxFM34rPU16tJNsAgVocwUqYKbopuuSgv2AZ1pyaSZNjTzIMkIZeh3ufEr3Llw40IRt36AmXbQ2nogcDjnXHLvcUJGhTSMZ21ldW19YzOzld3e2d3b1w8OmyKIOCYNHLCAtx0kCKM+aUgqGWmHnCDPYaTljG4Tv3VPuKCBfyfHIbE9NPCpSzGSSurpdctDcogRiyuTfPXakig6g5agHixVu0V4Duf8bjz8zSw49Mfp6TmjYEwBl4mZkhxIUevpT1Y/wJFHfIkZEqJjGqG0Y8QlxYxMslYkSIjwCA1IR1EfeUTY8fT0CTxVSh+6AVfPl3Cqzk/EyBNi7DkqmawrFr1E/M/rRNK9smPqh5EkPp595EYMygAmPcI+5QRLNlYEYU7VrhAPEUdYqrazqgRz8eRl0iwWzFLBrF/kyjdpHRlwDE5AHpjgEpRBBdRAA2DwAF7AG3jXHrVX7UP7nEVXtHTmCPyB9vUNbkSsCQ==</latexit>

H(N ; ⌧) ⇠ 6N2 +H
h(N ; ⌧) +H

i(N ; ⌧)

[DD,Treilis]

Half-integer powers in 1/N  Same structure as first             
Integrated Correlator

⟶

Can find NP completion with Modular/Resurgence

[Alday, Chester, DD, Green, Wen]

<latexit sha1_base64="B9tPNjMjNMBHx4CA8aXOkCODCvw="></latexit>

H(N ; ⌧) = @4
m logZSU(N)(m; ⌧)|m=0

=

Z
dµ̃({xi})hO2(x1)...O2(x4)i

Large-N Perturbative expansion:

[Chester,Pufu]



Integer powers in 1/N  Generalised Eisenstein Series ⟶

Second integrated correlator
[Alday, Chester, DD, Green, Wen]

<latexit sha1_base64="1YZQHDMvfXCzYGAb15FNAzx8cSc="></latexit>�
�⌧ � s(s� 1)

�
E(s; s1, s2; ⌧) = E(s1; ⌧)E(s2; ⌧)

Modular invariant solutions to inhomogeneous Laplace eq.

<latexit sha1_base64="4o598M0mNhDPu0ngSuEcjT9L6xs=">AAACOnicbVDLSgMxFM34rPU16tJNsAgVocwUqYKbopuuSgv2AZ1pyaSZNjTzIMkIZeh3ufEr3Llw40IRt36AmXbQ2nogcDjnXHLvcUJGhTSMZ21ldW19YzOzld3e2d3b1w8OmyKIOCYNHLCAtx0kCKM+aUgqGWmHnCDPYaTljG4Tv3VPuKCBfyfHIbE9NPCpSzGSSurpdctDcogRiyuTfPXakig6g5agHixVu0V4Duf8bjz8zSw49Mfp6TmjYEwBl4mZkhxIUevpT1Y/wJFHfIkZEqJjGqG0Y8QlxYxMslYkSIjwCA1IR1EfeUTY8fT0CTxVSh+6AVfPl3Cqzk/EyBNi7DkqmawrFr1E/M/rRNK9smPqh5EkPp595EYMygAmPcI+5QRLNlYEYU7VrhAPEUdYqrazqgRz8eRl0iwWzFLBrF/kyjdpHRlwDE5AHpjgEpRBBdRAA2DwAF7AG3jXHrVX7UP7nEVXtHTmCPyB9vUNbkSsCQ==</latexit>

H(N ; ⌧) ⇠ 6N2 +H
h(N ; ⌧) +H

i(N ; ⌧)

e.g. higher derivative correction  in IIB: d6R4

[Green, Miller, Vanhove]

<latexit sha1_base64="BFFV6vfBYiixZXhQArBRYoCJZ6w=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoKCWpRYVuiiK4rGAf0IQymU7aoZNJmJkIJeQj3Pgrblwo4taFO//GSdtFrR4YOJxzL3fO8SJGpbKsbyO3tLyyupZfL2xsbm3vmLt7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o+vMbz8QIWnI79U4Im6ABpz6FCOlpZ554gRIDTFiyU1aqtYcXyCcnKVJJT2d4zVHofi4ZxatsjUB/EvsGSmCGRo988vphzgOCFeYISm7thUpN0FCUcxIWnBiSSKER2hAuppyFBDpJpNQKTzSSh/6odCPKzhR5zcSFEg5Djw9mUWQi14m/ud1Y+VfugnlUawIx9NDfsygCmHWEOxTQbBiY00QFlT/FeIh0l0o3WNBl2AvRv5LWpWyfV6276rF+tWsjjw4AIegBGxwAergFjRAE2DwCJ7BK3gznowX4934mI7mjNnOPvgF4/MHGjaeOQ==</latexit>
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Second integrated correlator

Order by order in 1/N :                Lattice sum!!

Special rational linear combinations of generalised 
Eisenstein series for which L-values of holomorphic cusp 
forms drops out
[DD,Kleinschmidt,Schlotterer]-[Fedosova,Klinger-Logan,Radchenko]

Modular Local Harmonic Maass-forms
[Zagier], see also [Bringmann,Kane] and to appear [DD,Green,Wen]

<latexit sha1_base64="oT4mUHKTVRyrsJ4kvwsibvCrwXI=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEEocyIqMuiG5cV7AM7pWTStA3NZIbkjlCGfoAbf8WNC0Xc+gHu/BszbUFtPRA4nHMuufcEsRQGXffLWVhcWl5Zza3l1zc2t7YLO7s1EyWa8SqLZKQbATVcCsWrKFDyRqw5DQPJ68HgKvPr91wbEalbHMa8FdKeEl3BKFqpXSjGbUF8oYgfUuwHQXo3IsfER5r8CDblltwxyDzxpqQIU1TahU+/E7Ek5AqZpMY0PTfGVko1Cib5KO8nhseUDWiPNy1VNOSmlY6PGZFDq3RIN9L2KSRj9fdESkNjhmFgk9mGZtbLxP+8ZoLdi1YqVJwgV2zyUTeRBCOSNUM6QnOGcmgJZVrYXQnrU00Z2v7ytgRv9uR5UjspeWcl7+a0WL6c1pGDfTiAI/DgHMpwDRWoAoMHeIIXeHUenWfnzXmfRBec6cwe/IHz8Q0PspsD</latexit>

pi 2 Z+ ⌧Z

[Alday, Chester, DD, Green, Wen]
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On the usefulness of  
integrated correlators



integrated correlator Constraints

Both first and second integrated correlators come from
SAME four point function!

<latexit sha1_base64="jRySVJB7uHRUoeTD0oJbYDN2NTU="></latexit>
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Very specific measures fixed by susy!



<latexit sha1_base64="jRySVJB7uHRUoeTD0oJbYDN2NTU="></latexit>

CN (⌧) =

Z
dµ({xi})hO2(x1)...O2(x4)i

HN (⌧) =

Z
dµ̃({xi})hO2(x1)...O2(x4)i

integrated correlator Constraints

Both first and second integrated correlators come from
SAME four point function!

<latexit sha1_base64="LHNIECnkIDEac/cd3r0D3441T8I="></latexit>

=
X

�,`

|C�,`|2F�,`(u, v)Exact & NP
from susy loc.

Superconformal block
decomposition



integrated correlator Constraints

Both first and second integrated correlators come from
SAME four point function!

Plot from 
[Chester,Dempsey,Pufu]

<latexit sha1_base64="jRySVJB7uHRUoeTD0oJbYDN2NTU="></latexit>
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HN (⌧) =

Z
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Superconformal
Bootstrap
aided by integrated
correlators



Line-defect  
integrated Correlators



Importance of Line-Defects:

Important examples of non-local operators:

• QCD: confinement/deconfinement phase transition;

• important for higher form symmetries;

• class of  SYM line defect integrated correlators

    teaches us about graviton scattering from branes.

𝒩 = 4

Figure from 
[Pufu,Rodriguez,Wang]



Line-Defects & EM Duality:

Under electromagnetic duality (Olive-Montonen/GNO):

                            τ → τ′ = γ ⋅ τ =
aτ + b
cτ + d

γ = (a b
c d) ∈ SL(2,ℤ)

(p, q) → (p′ , q′ ) = (p, q)( a −c
−b d )

<latexit sha1_base64="97UQDp1sQ2yNhD9XYBY/zkIiQ/Q=">AAACIHicbVDLTgIxFO3gC/E16tJNIzG4IGTGGHFJdOPCBSbySBhCOqVAQ6cd2o6GTOZT3PgrblxojO70a+wACwRP0uTknHPTe48fMqq043xbmZXVtfWN7GZua3tnd8/eP6grEUlMalgwIZs+UoRRTmqaakaaoSQo8Blp+MPr1G88EKmo4Pd6HJJ2gPqc9ihG2kgdu+wFSA98P75NOnFYHCXQK3pM8L6k/YFGUorHVJkPFYqjQtKx807JmQAuE3dG8mCGasf+8roCRwHhGjOkVMt1Qt2OkdQUM5LkvEiREOEh6pOWoRwFRLXjyYEJPDFKF/aENI9rOFHnJ2IUKDUOfJNMN1WLXir+57Ui3btsx5SHkSYcTz/qRQxqAdO2YJdKgjUbG4KwpGZXiAdIIqxNpzlTgrt48jKpn5Xci5J7d56vXM3qyIIjcAxOgQvKoAJuQBXUAAZP4AW8gXfr2Xq1PqzPaTRjzWYOwR9YP79XV6Ou</latexit>Lp,q �! Lp0,q0

We consider a line defect  in  SU(N) SYM 
parametrised by an electric and a magnetic charge:     

 with 

• Wilson loop  
• ’t Hooft loop 

𝕃 𝒩 = 4

p, q ∈ ℤ (p, q) = 1

(p, q) = (1,0) ⟶ 𝕎

(p, q) = (0,1) ⟶ 𝕋



1/2-BPS fundamental Wilson loop along great circle

Line-Defects & EM Duality:

 SYM EM duality constraint:𝒩 = 4

<latexit sha1_base64="BnaVSe7u9ki5DefuFgqKqdbEkgk="></latexit>

IW(N ; ⌧) = @2
m logWSU(N)(m, ⌧)|m=0

=

Z
d⌫({xi})hWO2(x1)O2(x2)i

[Pufu, Rodriguez, Wang]
[Billo’, Galvagno, Frau, Lerda]

Line-defect integrated correlator:

<latexit sha1_base64="27ohSAVrf33pZU+u1qrNt9+DK3A="></latexit>

IW(N ; � · ⌧) = ILp,q (N ; ⌧)
<latexit sha1_base64="LaowT3fybDT0K6toiT35tYY4Wtw="></latexit>

� =

✓
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� · ⌧ =
a⌧ + b

q⌧ + p

e.g.
<latexit sha1_base64="AoKSSghBEu9EE7lne0m5jTWJoJE=">AAACH3icbVDLSsNAFJ34rPUVdelmsAjtwpKIVEGEohvdSIW+oAlhMp20QycPZiZCCfkTN/6KGxeKiLv+jZM2oLYeGDiccy5z73EjRoU0jIm2tLyyurZe2Chubm3v7Op7+20RxhyTFg5ZyLsuEoTRgLQklYx0I06Q7zLScUc3md95JFzQMGjKcURsHw0C6lGMpJIcvXbnWD6SQ9dNOmn5/vLE8jjCiZkmlkRxWoFX8CfRzBKZXnH0klE1poCLxMxJCeRoOPqX1Q9x7JNAYoaE6JlGJO0EcUkxI2nRigWJEB6hAekpGiCfCDuZ3pfCY6X0oRdy9QIJp+rviQT5Qox9VyWzTcW8l4n/eb1Yehd2QoMoliTAs4+8mEEZwqws2KecYMnGiiDMqdoV4iFSBUlVaVGVYM6fvEjap1WzVjUfzkr167yOAjgER6AMTHAO6uAWNEALYPAEXsAbeNeetVftQ/ucRZe0fOYA/IE2+QaUtKIP</latexit>

IW(N ;�1

⌧
) = IT(N ; ⌧)



Line-Defects & EM Duality:

• Wilson loop  
• ’t Hooft loop 

(p, q) = (1,0) ⟶ 𝕎

(p, q) = (0,1) ⟶ 𝕋

<latexit sha1_base64="sYst2AW1aHn03QvJzzH1bfppos0=">AAACIXicbVDLSsNAFJ34rPUVdelmsIiuSiKiboSiG5cV7AOSUCaTSTt0kokzE6WEfIJf4Se41Q9wJ+7EpT/ipM3Cth4YOJx7LvfM8RNGpbKsL2NhcWl5ZbWyVl3f2NzaNnd225KnApMW5oyLro8kYTQmLUUVI91EEBT5jHT84XUx7zwQISmP79QoIV6E+jENKUZKSz3zyBW0P1BICP7o3qcogI4rBtyDl5pESA18P8rs3OuZNatujQHniV2SGijR7Jk/bsBxGpFYYYakdGwrUV6GhKKYkbzqppIkCA9Rnziaxigi0svGH8rhoVYCGHKhX6zgWP27kaFIylHka2eRUU7NdOJ81ly4/jM7qQovvIzGSapIjCeXw5RBxWFRFwyoIFixkSYIC6rDQzxAAmGlS63qVuzZDuZJ+6Run9Xt29Na46rspwL2wQE4BjY4Bw1wA5qgBTB4Ai/gFbwZz8a78WF8TqwLRrmzB6ZgfP8CjPKkAw==</latexit>

! [⇢] = [ ]
<latexit sha1_base64="ZA1SiWR5LwIkwwC6G+vtV30uHe0="></latexit>

! [⇢] = [S] = [
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 SYM EM duality expectation:𝒩 = 4
<latexit sha1_base64="/Z8oiTlICxjgQAU5R9d7YhubOV0="></latexit>

IL([⇢]; ⌧) = IL0([⇢��1]; � · ⌧) , 8� 2 SL(2,Z)
<latexit sha1_base64="hhyl29dhBUZ86Wwtz2Vv8nC/NmA="></latexit>

e.g. IW(�1

⌧
) = IL([ ];S · ⌧) = IL0([S]; ⌧) = IT(⌧)

Useful labelling of a line-defect  as:𝕃

[ρ] ∈ B(ℤ)\SL(2,ℤ) ≃ {(p, q) ∈ ℤ2 | (p, q) = 1 , q ≥ 0}

[ρ] = ( * *
q p )



Line-Defects & EM Duality:
[DD,Duan, Pavarini, Xie, Wen]

 SYM integrated correlator of a line defect  with 
charges 
𝒩 = 4 𝕃

(p, q)

• lattice-sum representation

• novel automorphic functions:

<latexit sha1_base64="j4OQYGfExSM04V0VA8wj1SmZPvU="></latexit>

s1, s2 2 Z orZ+
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s3 2 2Z
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Finite-N/Large-N transition



Line-Defects & EM Duality:

 SYM integrated correlator of a line defect  with 
charges 
𝒩 = 4 𝕃

(p, q)

• lattice-sum representation

• novel automorphic functions:

Importantly:

(p, q) → (p′ , q′ ) = (p, q)( a −c
−b d )

τ → τ′ = γ ⋅ τ
<latexit sha1_base64="IvvQDIrlJoduAb4r4l3nMnQ/kxU="></latexit>

FLp,q (s1, s2, s3; ⌧) = FLp0,q0 (s1, s2, s3; � · ⌧)

E/M Duality:

[DD,Duan, Pavarini, Xie, Wen]

<latexit sha1_base64="IfnLwDN4zFsupGD3GpN8vUAYa7k="></latexit>

FLp,q (s1, s2, s3; ⌧) =
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Line-Defects & EM Duality:
@ large N and fixed  :τ

@ finite N and fixed  :τ

<latexit sha1_base64="EAMj6NfZWJSVYD+1tfmyZfFwPLc="></latexit>

IW,N (⌧) =
1X

`=�1

N�`/2I(`)
W (⌧)

The coefficient of each 1/N order is given by a finite, 
rational linear combinations of F𝕎(s1, s2, s3; τ)

<latexit sha1_base64="vQpYFYxpm43RMIvw1mAFUeIGNR4="></latexit>
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Line-Defects & EM Duality:
<latexit sha1_base64="EAMj6NfZWJSVYD+1tfmyZfFwPLc="></latexit>

IW,N (⌧) =
1X

`=�1

N�`/2I(`)
W (⌧)

The coefficient of each 1/N order is given by a finite, 
rational linear combinations of F𝕎(s1, s2, s3; τ)

E.g. We can predict the exact ’t Hooft line-defect 
integrated correlator in SU(N)  SYM𝒩 = 4
[Dorigoni]

@ large N and fixed  :τ

@ finite N and fixed  :τ





The power of modularity: Astonishingly simple & beautiful 
non-perturbative results for non-protected correlators             
in  SYM!

Integrated correlators and super conformal bootstrap                 
[Chester,Dempsey,Pufu] see also [Behan,Chester,Ferrero]

Other integrated correlators:                                                                 
- Higher point functions MUV [DD,Green,Wen]                                          
- Higher-charge operators [Brown,Wen, Xie]-[Paul,Perlmutter,Raj]                         
- Giant-graviton operators [Brown,Galvagno,Wen]                                                     
-  SYM [Billò,Frau,Lerda,Pini,Vallarino]-[Pini,Vallarino]

𝒩 = 4

𝒩 = 2

Conclusions:



Systematic of finite-N/large-N for second correlator & 
defect correlator?

Defect conformal bootstrap from integrated correlators?

String theory/QFT origin of these lattice-sum 
representations?

What is the origin of these differential structures?      
2d/4d correspondence?

Math.NT: Why does string theory only like MZVs?

How far can we push integrated correlators to learn 
about un-integrated stuff?

Open Questions:



Thank you 
for your attention! 


